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Abstract. After reviewing the defining relations for the g-algebra u,(n), we construct a
Cartan—Weyl basis and list the g-commutation relations of its generators. We then use the
latter to explicitly construct sets of raising and lowering operators for the canonical chain
of g-algebras ug{n} D uy(n—1), generalizing those introduced by Nagel and Moshinsky
for u(n) O u{n — 1). Finally, we give their normalization coefficients and show how
the normalized operators can be used to go from any Gel'fand-Tseitlin basis state that
is of highest weight in u,{n — 1) to any other one and ultimately to construct the
whole Gel'fand-Tseitlin basis from its highesi-weight state. This paper both generalizes
a previous work of Ueno et al on lowering operators and provides explicit expressions
for their operators in terms of ug(n) Cartan-Weyl generators.

1. Introduction

In recent years, there has been considerable interest in the so-called g-algebras or
quantum groups U, (g}, which are g-deformations of the universal enveloping algebra
of the Lie algebras g (Jimbo 1985a, Drinfeld 1986). In the case where ¢ is not a
root of unity, it was proved by Lusztig (1988) and Rosso (1988) that for any finite-
dimensional irreducible representation (irrep) of a simple Lie algebra g, there is an
irrep of U, (g) that has the same dimension and the same weight spectrum, and so
can be uniquely labelied by its highest weight. Hence the theory of g-algebra irreps
bears much similarity to that of ordinary Lie algebras.

In this paper, we shall be concerned with the unitary irreps of u,(n) = U, (u(n))
when g € R* (the results presented here could however be easily extended to the case
where g is a phase different from a root of unity). Such irreps can be characterized by
a Young diagram {h;h, ... A}, where h;, i = 1,...,n, are some integers satisfying
the inequalities hy = hy 2 --- 2 R,. One can define a basis of their carrier space,
the so-called GePfand-Tseitlin (GT) basis (Gel'fand and Tseitlin 1950), whose vectors
are completely specified by the irreps of the g-subalgebras of u,(n) belonging to the
canonical chain v, (n) D u,(n—1) D - D u (1) (Jimbo 1985b, Ueno er al 1989).

Ueno et al (1989) showed that the GT basis can be constructed via a lowering
operator method. Their operators are the g-analogues of the lowering operators that
were introduced, together with raising operators, by Nagel and Moshinsky (1965a, b)
to construct a GT basis for u(n). The Nagel-Moshinsky uw(n) D u(n — 1)} lowering
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(resp. raising) operators are some functions of the generators of a u(n) Cartan-Weyl
basis that, when acting on any GT basis vector, lower (resp. raise} some component of
its weight by one unit. Furthermore, they transform any semi-maximal GT state, ie.
any GT basis vector that is of highest weight in «(n — 1), into another semi-maximal
GT state. Hence, they enable one to obtain from the maximal or highest-weight
state of a given irrep all the semi-maximal states belonging to its carrier space. By
combining lowering operators of u(n), u(n — 1),...,u(2), one can then construct
the full set of GT basis vectors from the maximal one.

The u,(n) D u,(n—1) lowering operators considered by Ueno et al (1989) were
only mductwely defined and were not expressed in terms of u,(n) generators. When
dealing with applications of u (n) to physical models, it may be necessary however to

construct the GT basis vectors in explicit form. For such purpose, one needs 0 know
the lowering operators as functions of the generators. The aim of the present paper is
to determine such functions or, in other words, to provide an explicit solution to the
Ueno et al recursion relations. In addition, a similar problem will be solved for the
u,(n) D u,(n — 1) raising operators, which were not considered by these authors.

In the following section, we review the defining relations for u (n), construct a
Cartan—Weyl basis and list the g-commutation relations of its generators. In section 3,
we use the latter to explicitly construct sets of raising and lowering operators for
u,(n} D u,(n—1). In section 4, we normalize these operators and use them to pass
from any semi-maximal GT basis vector to any other one. Finally, section 5 contains
the conclusion.

2. Cartan—Chevalley and Cartan-Weyl bases of » (n)

The u,(n} B U,(u(n)) g-algebra, correspond'mg to a one-parameter deformation of
the umversal envelopmg algebra of u(n), is defined (Jimbo 1985a) as the associative
algebra over C generated by I, Ef, i = 1,2,...,n, E*, El ,,i=1,2,...,n—1,
and the commutation relations

[Ef,El] =0 (2.1a)
(B, B = (68 - 6t EIT (2.1b)
[Ef,El,|] = (6, ~6])Ei,; (2.1¢)
[Ei* B, ] = & |E} - Elt] (2.1d)

together with the quadratic and cubic g-Serre relations given by

[EFLEY] =0 j#itl (2.2a)
(Bl Bl =0 j#i%l (2.2b)
and
(BHYEI _[2) E§+1E;f+1£::f+1 +EFYEMY =0 =izl (2.3q)

i 2 . .
(E=+1) E;+1 (21 E; 41 Bl +1+ J+I(Ei+1) =0 J=1kl (2.3b)
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respectively. The definition of the algebra is completed by assuming the Hermiticity
properties

(B! =E (B[ =EL,. @4)
Note that in (2.3), [2] denotes a g-number, whose general definition is
_ g —q (n=1}/2 . (n-3)/2 —(n=1)/2 +
Rl= 77 =1¢ +4q ++q nEL geRt.
g/t _ 172

(2.5)

This definition of g-numbers is extended to the commuting operators Ef — Ej}1
in (2.14). .

The set of operators Ej, Ei*!, and E}, is the g-analogue of the Cartan—
Chevalley basis of u(n). The operators Ef, i = 1,2,...,n, are the weight
generators, obtained by combining the generators of the su(n) Cartan subalgebra
E{ - Ef], i=1,2,...,n—1, with an additional commuting generator } 7., E}.
The operators E;'”, t =1, 2,...,n— 1, are the raising generators corresponding
to the su(rn) simple roots «;, whereas EfH, t=1,2,...,n — 1, are the lowering
generators associated with the su(n) roots —c,.

To construct raising and lowering operators for u,(n), we shall need a g¢-

analogue of the u{n) Cartan-Wey! basis Ei y 3, 5 =1,2,...,n. S0 we have to
introduce additional raising and lowering generators E}1?, Ei +p» for p > 1. There
exist various conventions for these operators in the literature (see e.g. Rosso 1989,
Chakrabarti 1991). Here we shall make the same assumptions as in Quesne (1991)
and define them recursively by

BT = [B*LERT),  i=1,...,mn-2 p=2,...,n-—i (2.64)
E§+ps[E§1;,E:f+1]q,, i=1,...,n=2 p=2,...,n—1% (2.6b)
in terms of g-commutators of the type

[4,B],. = AB - ¢*/?BA = -¢"/*[B, A],-. . 2.7

The cubic g-Serre relations (2.3) can then be expressed in the form of g-commutators
as

[Ei*Y B, = [BHE B, =0 (2.82)
[Ef+2=Ef+1]q = [ ::+2’Eéi-t§ g-1= 0. (2.8b)

In the u(n) case, the Cartan-Weyl generators Ei satisfy the well known
commutation relations

[Ei, Bl = B! - 6] (a=1). @9

The g-analogues of these relations can be written in terms of g-commutators (2.7).
In their derivation, use is made of the most general form of the g-Jacobi identity
(Chaichian et a/ 1990)

qbiz [AS {B? C]q“]qc—b + q‘:/z[B’ [09 A]qb]qa—a + qalz [01 [A$ B]qc]qb—c = 0 (2'10)

where a, b, c € R, and of a symmetry property of the Cartan-Weyl basis given in the
following lemma:
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Table 1. g-commutators of two raising generators Ef, E} or two lowering ones E}, EF
in the case where 0 < j—i <1 — k.

Conditions g° [E],Efle (B}, Efle
i<j<k<t 1 0 o
i<ji=k<l ¢ E| -2 E}
ick<i<l 1 _(qm_ q—uz)E‘tE; -—(q”z—q“”z)EfE;
izk<j<t ¢ 0 0

k<icigt 1 0 0

E<i<j=1 g 0 0

k<i<i<i v (¢-q2)ELEE (g2 - g VY)E{EH
k<i=i<j ¢! ~¢ 2B EY

k<li<i<j 1 0 0

Lemma 2.1. The generators of the u,(n) Cartan-Weyl basis are such that

(EN!_ = E} (2.11)

q=—g

where, on the left-hand side, Hermitian conjugation is combined with the
simultaneous change of ¢ into g~ 1.

Proof. Direct verification using (2.13-(2.6). [}
A first important result consists in a generalization of (2.6).

Lemma 2.2. The additional generators (2.6) of the Cartan-Weyl basis satisfy the
relations

E;f = [EfT, BT, i=1,...,n~2  p=2,...,n—1 (2.12a)
Ei,p = |Eif;, Biyr] i i=1,...,n-2 p=2,...,n—1 (2.12b)

forany r € {1,2,...,p—1}.

Proof. Equation (2.124) is proved by induction over r by starting from r = 1, for
which it coincides with definition (2.62). For such purpose, use is made of the g-
Jacobi identity (2.10) for a = ¢ = 1, b = 0, and of (2.2). Equation (2.120) then
follows from (2.11). O

We state the general results in the form of a theorem.

Theorem 2.3. The uq(n) Cartan-Weyl generators Ef, i, j = 1,...,n, satisfy the
g-commutation relations given in tables 1, 2, and

[E{, EY] = (6 - &%) E} 2.13)
as well as those that can be derived from table 1 by using (2.7).

Proof. For k= j, j+ 1, and 7 — 1, (2.13) reduces to (2.1a)-(2.1c). For k = j + p,
p > 1, it can be proved by induction over p by using (2.10) withe =1, b=¢c =0,
For the remaining values of k, use is made of lemma 2.1,
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Table 2. Non-vanishing commutators of a raising generator E7, i < j, with a lowering
one EL, k> L

Conditions [EI, Ei)

icl<i<k (quz . q..x/z)q—(EFE;)le:Ei
7 E B

BB

i<i<j=k
i=l<j<k
i=si<j=k [Bi-E]

i=l<k <] _q(E‘-E,':-:-l)/zEJ

I<i<j=k (EF-Vig
l<i<hk<j ( 172 _ g-uz)g(s'uﬂt)lzg:};z

Consider next the g-commutators given in table 1. One first notices that
by successively using the symmetries mentioned in lemmas 2.2 and 2.3, the g-
commutators of two lowering generators listed in column 4 can be derived from
those of two raising generators listed in column 3. It then only remains to consider
the latter, which can be rewritten as [E’“"p E’"*"”]qc by setting 7 = i+p, I=k+r,
where p € r. The demonstration proceeds by a double induction over p and -,
starting from p = r = 1, and is sketched in the appendix.

Fmaily, the commutators listed in table 2 can be proved in a similar way. By
setting j = i + p and k = I + r, they can be rewritten as [E{*?, El. ]. By virtue of
lemma 2.1, it is enough to consider the case p < r. One successwely establishes the
relations forp=1gr,p=2< r,and 2 < p< r. Note that thecase p=1g r is
special and cannot serve as the starting point of the induction over p because some
rows of table 2 disappear. O

Remark. Contrary to what happens in the u(n) case, some g-commutators (resp.
commutators) of table 1 (resp. 2) are quadratic functions of the commuting Cartan—
Weyl generators E!, i or Ef, Ef. As a matter of fact, by using (2.10) one can
show that no value of & € R can be found so that they become linear functions as in
the Lie algebra case.

3. Construction of raising and lowering operators

For a u,(n) unitary irrep characterized by its highest weight [h,h; ...k ], where
hy 2 hz 2 .-+ 2 h,, the GT basis of its carrier space is specified by a set of integers

hy,1<i<j < n,suchthat h;, =h;,i=1,...,n,and

hijurZhyp 2 i 1<i<ign-1 3.1)

They are arranged to form a triangular array, the GT pattern, so that the GT basis
vectors are written as
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|h;) = (32)
hiz hp

hin

Here {hy,,hap, - - - Ry, ] characterizes an irrep of the g-subalgebra u,(m) belonging
to the canonical chain

u(n) Dun—-1)D - Du(m) DD uy(l) (3.3)

and whose Cartan-Weyl generators are E;' s hi=1,2,...,m.
The weight of the state (3.2) is given by the set of eigenvalues

i i-1
w; = thi - E hk,z‘—l (34)
k=1 k=1
of the generators Ef, i = 1,...,n. The highest- and lowest-weight states (or maximal

and minimal states) correspond to h;; =k, and b, =h, ,; for1gigj<n-1,
respectively.

Let us denote the semi-maximal states, i.e. the GT basis vectors that are of highest
weight in u (n - 1), by

hy hy ... b1 h,
h. 1 T2 v Tu2 -1
‘> = . (3.5)
L
n ™
™
They satisfy the following relations
il = | 1<jgn—1 3.6a
jri —T‘j?“- RIsN— {3.6a)
h’s‘ n n-1 h.
EY r.>= (Zhj-zr,) rf) (3.6b)
i j=1 j=i i
1P )
E! =0 1€j<n~-1 (3.6c)
L
where, by virtue of (2.6a), the latter implies that
k hi .
E! . =0 1<j<kgn—1. (3.7)

In patticular, the highest-weight state coiresponds to r; = h;, i = 1,...,n—1, and
will be denoted by |7+ ).

It is possible to go from any semi-maximal state to any other one contained in
the same representation space by using lowering and raising operators. The latter are
defined as follows:
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Definition 3.1. A set of lowering operators L7, m =1,2,...,n — 1, for uq(n) .
uq(n—l) is a set of functions of the uq(n) generators EJ, 4, j = 1,...,n, satisfying
the two conditions

[Ef, LT = —6™ L™ 1gi,m<n (3.8)
L™ h") = NT» hs > 1< 3.9
1 r = N b ry - 6£m gm<n ( . )
where
N BN e (3.10)

is some normalization coefficient. A set of raising operators BT, m =1,2,...,n-1,
is similarly defined by replacing (3.8)-(3.10) by

[Ef,RE) = 8¢, R™, 1€i,m<n (3.11)
R™ hi\ _ NT & 1<m< 3.12

m Tnz_> - r:"l"fsam 7’5 + 6im> = m n ( * )
N b = N (3.13)

respectively.

Remarks. (1) Equation (3.8) (resp. (3.11)) means that L7* (resp. R7,) when acting
on any GT state |h,;) of weight w;, 1 < ¢ < n, given in (3.4), with respect to u,(n—1),
lowers (resp. raises) the mth component of the weight by 1, ie. gives an arbitrary
linear combination of GT states |hf,) of weight w} = w;—4;,, (resp. w; = w; +6;,),
1 € ¢ < n. Equation (3.9) (resp. (3.12)) imposes that whenever |h;;) = |':), the
lowered (resp. raised) weight w! becomes the highest weight of a u,(n — 1) irrep
[ry...or, —1o.or, 4] (resp. [ry...7, +1...7,_{D). In other words, (3.9) and
(3.12) are equivalent to the conditions

Eitlpm ’;f>=o 1€j<n—1 (3.14)
;
and
EMRY ':f>=o 1j<n—-1 (3.15)
respectively.

(2) The sets of lowering and raising operators are not unique because from any
lowering (resp. raising) operator one can comstruct another lowering (resp. raising)
operator by adding terms containing raising generators on the right.

(3) We do not demand that L7* and R7, be polynomial functions of the generators
as is done for u(n). As we shall see below, in general they do not have such
a property. We impose however as an extra condition that, in the limit ¢ — 1,
they go over into the polynomial functions constructed for u{n)} by Nagel and
Moshinky (1965a, b).
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Let us now construct sets of raising and lowering operators.

Definition 3.2. Let the operators L™, L™, R*, R%, 1< m < n, and R%, Rz,
1 < n' € m < n, be defined by

i —1 n-1 . P
L= [ ) ) ENED.. EP E:;»(H q"""*”[fm;,.]'l)]

p=l iy>ip1 > dii=mtl a=1

x I &n;] 1gm<n (3.16a)
j=m+1
n-1 nem-1 n~1 p
=(I1 fnt) 3y oo 5 ([ ot o)
j=m+l ip>ip_1 > >ii=mitl ta=]
x ExE'. . ERE] lgm<n (3.16b)

Ry = [E;},, +3 > Ef E7™... EDED (g™ P=/2g 1Y)
p=l ip> i1 >ii=1

(H g e e, 17 )] H [€ ;1 lgm<n (3.17a)

_ m-1 m-—1 m=1 .
an = (HIEWJ]) [q—(m—l)/zE;l; + Z Z (q(l—-n)/.'z m:; 1)
i=1 p=l iy >i,ny > >i=l
P ) . )
g (H f‘”“"'“ISmn.l'l) ELE;. EEm] 1gm<n
(3.17!))
, m-n'=1 ) mei . . )
Ry, = [ >, gimonoemh E4E;r-...ELE?
ip>iy—-l>'“>il=n'+l
(H q Smla/z sza] 1)] H [SmJ] 1 S nl <m < n
i=n'4l
(3.184)
., m—1 m-—n'-1 m—1 P
Ry, =( H [5m,']) Z Z (Hq—-‘:mmﬂ{gmia]-l)
F=n'+l1 p=0 i, >ip_ 1> 2i1=n'4] te=l
x E} El...EPT'Ed Ign ' <m<n (3.18b)

where

En=—CuE E -Ef+k—j 1<j,k<n (3.19)
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and we assume that
Remark. Note that from (3.6a), we obtain

hi>
Ty - rjk

The operators just introduced satisfy various properties that we shall now proceed
to list. We first state some preliminary results in the form of lemmas.

h.
Sjk 7\3> TJk rk,’l _r rk+k J 1\<.j:k<n- (3.21)

Lemma 3.3. For any n' or n” in the range indicated, the operators defined in
(3.16a)—(3.18b) satisfy the recursion relations

=X gt TT el + (B2 L0 o 11,

i=n' j=it+l j=n’
lgmgn <n (3.222)
rn=-1 n—1
_m= z q(n—i—l)/Z( H [ng]) q—5m|/2E:'}f1‘rn,
i=n’ F=i41
, n—1 .
+qt*" W( II {8,,,3-1) (B2 L) e 1<mgn/ <n
j=n
(3.22b)
n i1 ) oy
= ER:nE? H[gmj} + [R::w E::']q(s"‘“'ﬂ)/z H[Emj]
i=1 i=l i=1
1gr'gm<n (3.23a)
i—1 n'
R} = Zq—(z 1y/2 (H[Emj]) E'R,. + (H[gmj]) q(smnf—n )2 [R:“ E:.]
i=1 =1 j=1
Ign'gm<n (3.23b)
n t { 4 st i r
R% = Z q("_'"’ _I)IZR:“E? q_smilz H Ing] + q(n -n ).’2
i=n'41 j=n'+1

nH

x [y Bl jounn T [Emj] 1gn’ <n"<m<n (324a)
j=n'41

=1

Fr= % (1 tend)r e Bt ] I ) |
i=n/ 41

j=n'+1 J=n'+1
I1gn’'<n"Em<n (3.24b)
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respectively, where we define

Lt =1 (3.25a)
Im=1 (3.25b)
Ry =1 (3.25¢)
Rm=1 (3.25d)
and
-1 ifa<b
a“"={o ifa=b. (3:26)

Proof. The demonstration is similar to that for the corresponding u(n) operators,
except for the use of the g-commutation relations established in section 2 instead
of (2.9). O

Remark. Note that in (3.23a) (resp. (3.23b)), the operators (3.17a) (resp. (3.175))
are expressed in terms of the operators (3.18a) (resp. (3.18b)), in contrast to the
remaining equations where the operators appearing on both sides belong to the same

type.

In addition, we have the following property:

Lemma 3.4. The operators defined in (3.16)-(3.18) are such that
Lm=LIm R = R%, Igm<n (3.27a)
R™ = R* 1{n'<m<n. (3.27b)

Proof. Choosing n’ = n—1, n' =1, and n” = n’+1 in (3.224), (3.23a), and (3.24a)
respectively, we obtain the recursion relations

Ly = Ep ' L[ net] = Em el LT ERTY IS m<n—1 (3.28)

Ry = [£1) Ry, EP /2 — g™ P ER R [€,1] l<m<n (3-29)

RE =€ ap ) REFVER = BB G REME, wn]  1<n'+1<m<n.
(3.30)

The same choices made in (3.22b), (3.23b), and (3.24b) lead to recursion relations
coinciding with (3.28)—(3.30). Since, from (3.16) and (3.18), we get

Lan=EqT, (3.31a)
Lha=En, (3.31b)
Rm-1 = gm-1 (3.31¢c)
Rm-1 = gm-1 (3.31d)

respectively, by induction it follows from (3.28), (3.30), and their analogues for LT

and R?, that equation (3.27b) and the first part of (3.27a) are valid. The second part
of the latter then results from (3.27b) and the recursion relation (3.29) as well as its
analogue for R7,. 8]

We now state the main resulit of this section in the form of a theorem.
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Theorem 3.5. The operators defined in (3.16) and (3.17) form sets of lowering and
raising operators for u,(n) respectively.

Proof. By virtue of Lemma 3.4, it is enough to show that the operators (3.16a)
(resp. (3.172)) satisfy (3.8) and (3.14) (resp. (3.11) and (3.15)). The first equation
is obviously fulfilled, while the second can be proved in the same way as the
corresponding result for u(n) (Nagel and Moshinsky 1965a) by using the ¢-
commutation relations of section 2. In addition, it is easy to check that, when ¢ — 1,
the operators (3.16) and (3.17) become the standard Nagel-Moshinsky operators. O

Remarks. (1) Although they appear in the recursion rc]atlons (3.23) of the raising
operators Ry, = Rr, 1< m < n, the operators R% = R, 1 < n' < m < n,
defined in (3 18), are not raising operators of v (n'} as the notation might suggest.
In fact, they are expressed exclusively in terms of weight and lowering generators.

(2) The lowering operators considered here coincide with those introduced by
Ueno e al (1989). In fact, the latter use (3.25a), (3.28), and (3.31a) to inductively
define lowering operators, then prove that (3.8) and (3.9) (ie. our defining relations
for lowering operators) are satisfied by such operators. Equation (3.16) therefore
gives an explicit solution to the Ueno et af recursion relations.

We conclude the present section by listing the lowering and raising operators
found for some small n values:

u, (2):
L=E! R} = E} (3.32)
u,(3):
L} = Ej[£n] + E}JE}q o2/ = ¢?[£,) BY + ¢ ®*/EE]  (333a)
Li=E} (3.33b)
R} = E} (3.33¢)
R} = E3[én] + E}E} = q7/?[£y) E} + E}E} (3.33d)
u,(4):

Ly = Ejl&,)[65] + By Efq 522 [Ey) + E}E}q~0/2€),] + ELE} Ejq~‘Fn+eul?)
= ql&, &1 Bl + qlfzq—sn/z[g]s} E}E;

+ ¢'1Eplq P E B} + g FutE R B ERE] (3.34a)

L} = Ejl€x] + B} Ejq "% = ¢'/? &) B} + ¢ */* B} E} (3.340)
L:=E} (3.34¢)
= F} (3.34d)
R} = Ejlén] + E}E} = ¢ '{6,) E} + ELE) (3.34¢)

R} = Ejl&ll] + ¢ E{Ef(&) + EJEjl6n] + B3 B3 Blq*2/2
= g [ElIEd ES + (€] EL B} + 07265 B3 ES + ¢ **/* E{EL B}
(3.341)
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4. Normalization of the raising and lowering operators

To completely characterize the lowering and raising operators just constructed, it
remains to give the normalization coefficients appearing in equations (3.9) and (3.12),
The former were already calculated by Ueno er al (1989), while the latter can be
determined from them by using the following symmetry relation:

Lemma 4.1. The normalization coefficients of the raising operators are related with
those of the lowering ones by the equation

r.+6.m (H["m,]/

Proof. From (3.9), (3.164) and the Hermitian conjugate of (3.6¢), it results that
Lm

N _ < h:' hz> _ < h‘z’
Tl T gy — G| T~ im

By proceeding in the same way for the raising generators, we get

mi + 1]) NrvHem (4.1)
-m+l

> H [7ms] - (4.2)

j=m+l

m

N R\ _ ] A
rekdim T <”'i +biml ™ T‘;> B <’" + bim

Equation (2.11), combined with the fact that N7*_,  can be expressed in terms of

g-numbers (Ueno et al 1989) and is therefore invariant under g — ¢~1, then directly
leads to (4.1). O

) 1‘[ (s} - 43)

Hence we conclude that:

Theorem 4.2. 'The normalization coefficients N7*_, and N[ . of (3.9) and (3.12)

are given by

Mg =|-( Tt / t_f:_I:trm,- -1)) E{rm — by i—m- 11] R

t=m+1

Mot = (177 - (H[rm,l/ il {rm,+1)nlr —h, +e—ml}m

izm1
(4.4b)

where r,,; is defined in (3.21).

The normalized raising and lowering operators can now be used to go from one
semi-maximal state to another. In general this can be achieved along various paths,
The following lemma proves their equivalence.
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Lemma 4.3. The lowering and raising operators, defined in (3.16) and (3.17)
respectively, satisfy the relations
L

h, h. h,
r:> = [R},, RY./] r:) = [R%,, r:) = [R%,, L7}

1I<m<m' <n. (4.5)

L7, 0

I

Proof. By starting from (4.2) and using (3.16a) for L™ as well as the g-commutation
relations of section 2, one easily obtains

(-
T

Lm m'

m pm'
n +n n “n

")~ (e
L -+ 551,“ + 6,’mr - 4

x(ﬁ[rmj+l])(ﬁ{rm.j+l]) Igm<m <n.

F=m+1 j=m'41
(4.6)

k; >
T + 6im + 6im"

A similar calculation for

(v )
; Tt b b

leads to the same result, thus proving the first part of (4.5). The remaining parts can
be demonstrated in a similar way. O

L'm.' m

” n

Remarks. (1) As in the u(n) case, one has

R
rf);&o 1< m<n. 4.7

(2) The first part of the lemma, relative to the lowering operators, was already
stated by Ueno et al (1989).

By using lemma 4.3, we now obtain:

Lemma 4.4. Any semi-maximal state |%;} can be expressed in terms of any other

one 1) 2

}::>=(N?:f ) (HO ) "> @48)

where the operators O], m = 1,...,n — 1, are defined by

.
(L) i, <,

or={1 if = (4.9)
(RR)™ e >,

and N]7Tr-' s a normalization coefficient independent of the order of the

Ty rn 1
operators O,
m
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Remark. The normalization coefficient in (4.8) satisfies the relation

[
M7 T LS T L P Y
Nty ,__I = Norot” ot N (4.10)
for any r{, r¥,...,r,_, such that either r,, < v/ L r, 007, 201’ >2r,,
l€gm<n.

The following lemma gives the value of this normalization coeficient in two
important special cases.

Lemma 4.5. The general normalization coefficients of the lowering and raising
operators are given by

v = (T e (I ety

i >i=1 ;:1
B i 1IN M2

(1’[ hitd . 1];)] (4.11)

S5 -—hj-l-g—z—l].

where vl < r;,, i=1,...,n~1, and

+4—if!

Nr,lr,z .r“_ 12 (z 1)(r! -7, [( T‘ )

T2 The ( ) J!-:II[T --T"' J—i]l
(H i—r i) [} ~ h; +3-z—1]’) ”2412
—r;-+j—f11)(ﬂ —hiFi-1 )] e

j2i= 1 >i= 1

where rl 2 r;, i = 1,...,n ~ 1, respectively.

Remark. In particular, for », = h;, equation (4.11) becomes

. L 1/2
h)hg_ sy r-+_;—z]' h+3 £—1]!
vtz = (T B i =) (L ey =]
(4.13)
This result coincides with the coefficient (r, (z,_,, ,un))l"2 of Ueno et al (1989).

The construction of the GT basis from its highest-weight state, given in
proposition 7 of Ueno et al (1989), now appears as a special case of (4.8), successively
applied t0 u,(n), u,(n—1),. .+ +u,(2). For completeness, we state their result in
the notations used in the present paper

Theorem 4.6. Any GT basis vector |k;;) belonging to the carrier space of a u,(n)

irrep [k, ... h,] can be obtained from the highest ) as
n -1 2
hihaphya hia=h hma—h
|h;) = (H Nhf.’,-ﬁ’hz.,.’a-f'-’h,-l,,-l) (L)™ "(H(L?) ’ 2) x
j=2 m=1
=t Bm—h ¥
m man~lm =1 1
X (H (LT) )Ih,-> (4.14)

m=1

where the lowering operators are defined in (3.16) and the normalization coefficients
in (4.13).
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Remark. Note that in (4.14) the lowering operators belonging to distinct g-
subalgebras of u,(n) are to be maintained in the order indicated.

5. Conclasion

In the present paper, we found an explicit solution to the recursion relations (3.252),
(3.28) and (3.31a) for the u,(n) D u,(n — 1) lowering operators, first proposed
by Ueno er al (1989), and solved a similar problem for the corresponding raising
operators, which were not considered by these awthors. Our main resuits are
contained in (3.16) and (3.17). Some special cases, corresponding to small » values,
are given in (3.32)-(3.34).

The expressions found for the u,(n) D u?( n — 1) lowering and raising operators
enable one to construct the GT basis vectors in explicit form whenever required, e.g.
when dealing with applications of v (n) to some physical models. Equation (3.33),
for instance, was already used to determine a ¢-boson realization of the GT basis for
an arbitrary u,{3) two-row irrep (Quesne 1991).

Appendix. Calculation of the g-commutators [E§+” ,E,’:""Iq., forpgr

The purpose of this appendix is to prove by-a double induction over p and » the
results for [E;tP, Ef"""]qn, p < r, given in column 3 of table 1 for the values of a
listed in column 2 of the latter. As a starting point corresponding to p = r = 1, we
use (2.2a), as well as (2.6a) for p = 2.

For p = 1 and arbitrary values of r > 1, rows 3, 5 and 8 of table 1 disappear,
while the results listed in rows 2 and 9 result from definition (2.6a) and from (2.7)
and (2.12a), respectively. Next, the results in rows 1, 4, 7 and 10 are demonstrated
by induction over r with the help of (2.122) and (2.10) where a = 1, b=¢ = 0;
a=1b=0,c=-1;a=1b=-1,¢c=0and a =1, b = ¢ = 0, respectively.
The corresponding starting values of rare r=1, r=2, r=2, and r = 1.

Finally, consider the result in row 6. Its proof is more involved and is based on
the fact that the equation

(1+ ¢ H[EMEMf] =0  k<i<it+l<k+r (Al)
is equivalent to

(B B, = — B ER] L k<i<iti<kir (A

¢2

as it is easily shown by expanding ali the g-commutators. Equation (A2) is now
demonstrated as follows:

(B B = [EPLBL B = - (B B
= - ¢V EPL[EFL ERY) ) = - B ERYT
k<i<it+l<k+r. (A3)
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In the first step, we used (2.12z), in the second (2.10) witha = b= 1, ¢ = —1, and
the results in rows 4 and 9, in the third (2.6a), and in the fourth (2.10) with ¢ = 1,
b= c¢= -1, (2.7) and (2.12a), as well as the result in row 7.

Going now to arbitrary p and r values such that 1 < p < r, we first note that the
result in row 5 is obvious, while those in rows 2 and 9 directly follow from (2.12a)
and (2.7). The demonstration of the results in rows 1, 4, 7 and 10 by induction over p
and of that in row 6 are similar to the corresponding proofs for the case 1 = p < r.
Finally, for the case in row 3 (and similarly for that in row 8), we obtain

[Eii+p’EJt+r] = [E::+p’ [E;‘:-FpaE?rpr]q] = q_UZ[E;;-l-piE?H]qZ

= —(g/? — g~V g gitr i<k<i+p<k+r (Ad)

where in the first step we used (2.12a), in the second (2.10) withe =1, 0= c= -1,
(2.7}, (2.124), and the result in row 7, and in the third the result in row 6. This
completes the proof of the g-commutation relations listed in column 3 of table 1.
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